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New upper anti lower ~,ounds arc found for the number of HamilI(,nian circuits in the graph of 
Ihe r - cube .  
I. Introduction 
Denote the grap|l of the n-dimensional cube by 1". The vertices are the 2" 
n-tuples of zeros and ones, and two vertices are adjacent (joined by an edge) ~f and 
only if they differ in exactly one coordinate. A Hamiltonian circuit (H-circuit) C in 
I" is a sequence v,, v~., ... v,, of all m = 2" vertices of I" where v, is adjacent o v,,, 
for 1 ~ i ~< m (with v,,,,, = v,). The edges of C are the unordered pairs (v,. v,.,). 
The problem of determining h (n), the number of distinct Hamiltonian circuits in 
I", has been studied by several people (see [1-5 and 7]). Clearly h(2)= i, and by 
direct computation h(3)= 6. in [21 it is shown that h(4)= 1344. For n ~ 5 only 
lower and upper bounds arc known. We will improve on both the lower and upper 
bounds. To do so we will modify the arguments in 131 and make use of error 
correcting and detecting codes. 
2. Upper and lower boundn 
and 
Let n ~ 5. Dixoa and (.ioodman [3] showed that 
h(n)~ln(n -  1)121"" '=  U,(n) (!) 
q l  2'~ ~%2"  ~ .~'. n l  2" 4 
h(n) '~"  . ,° .(1344) = L,(n). (2) 
-1 i, ,  , , '  
We show that 
h(n)~ [n(n - I)/212 .... '~ '""" ' , " '  = U~(e,) (3) 
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and 
h(n)>~ i " ' '  (1344) ' "~.n '2  t2" - ' ' " l=L : ( I z ) .  (4) 
(In eq. 3, [ ] denotes the greatest integer function; in eq. 4 an empty product is 
defined as 1.) 
Comparing the old and new upper bounds, U,(n) arid U:(n), respectively, and 




U2(n) = U,(n)[n(n- 1)/2] ' - ' ' ' ' -~ ' : ' '  ~ ln(n- 1)/7.'.] ' '~  (5) 
L,(n) = L,(n).g(n) (6) 
Proof o! eq. 3. If x and y are vertices of I" we define d(x, y) to be the graph 
thearetic distance between x and y, i.e., the number of coordinates in which x a~d y 
dilter. A vertex is even [odd] if it has an even [odd] number of ones as coordinates. 
Let E be the set of all even vertices in I". A single error correcting plus double error 
detecting code having n binury digits is a set M of vertices in l" where 
x.y~_ ,A,I ~ d(x,y)~>4. Let B, = 2 k where k is the largest integer such that 
2 ~ ,~2" ' /n .  Hamming [6] has shown that IMI<~ B, and that there exists a set 
M -_ E where ]MI = B,. (IM[ = cardinality of M.) We let M denote such a set. 
If v is any odd vertex, then at most one neighbor of v (a vertex adjacent o v) lies 
in M (and the other neighbors lie in E -  M) as the distance between any two 
elements in M is greater than 2. Thus, if C is any H-circuit in I", the edge pairs in C 
incident to vertices in E - M uniquely determine the two circuit edges incident o 
each odd vertex. It then follows that the pairs of circuit edges incident to each 
vertex in M are also uniquely determined. So each selection of edge pairs for all the 
crt~c,,~ in E -M either uniquely determines an H-circuit or determines no 
H-circuit. Since there are n(n-  1)/2 edges incident with each vertex in I", and 
E -  M i = 2" ' -  B,, we have 
,h(n)~[n(n-  1)/2]'-" ' -  B.. 
But B,, = 2 I" ~-"'~"!, whence eq. 3 follows, i 
Any H-circuit C" v~ . . . . .  v,,, in I" can be specified by giving the starting vertex v, 
plus the transition sequence A'a, , . . . ,am where c, and v,., differ in the a, th 
coordinate far I ~ i ~ m = 2". (v,,., = v~.) E.g.. v~ = (0,0,0) and 
A "1,2, 1,3, 1, 2, 1.3 denotes an H-circuit in I ~. The a,'s are ca l led/he transition 
numbers, the (transition) digits being 1,2, . . . .  n. We note that each of the digits 
appears an even (>I 2) number of times in A. 
Lemma. There are at most two digits occurring exactly twice in A. 
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Proof. Suppose there exist at least three digits, without-ioss-of-geoeralitv 1,2.3. 
each of which occurs exactly twice in A. Let {a~., . . . . .  a~} = {1,2,3}. ]"here are n .... 3 
digits left, so there are at most 2"  : ' -  1 transition numbers '.rictly between ,a~, and 
a~,,,, for each i = 1,. . . ,  6. (k, = k,.) This is true as the maximum length of a path in 
1""  is 2" - ' -  1. Thus, there are at most 6(2 " ' -  I )+ 6 transition numbers in A, 
whence 2" >6(2 "~ I )+6- I  > m =_ ,  a contradiction, proving the lemma. 
Proof of eq. 4. If G is an (n - l)-dimensionai face of I", let G ,  be the (n - i)-face 
opposite G. Define 7". to be the number of H-circuits which traverse a given edge of 
I". Abbot [l] showed that 
T,, = 2h (n )/n. (8) 
Dixon and Goodman [31 constructed the following class of H-circuits in I"" For a 
given (n - l)-face G of I" consider any H-circuit traversing some fixed edge, and 
any H-circuit in G ,  traversing the corresponding edge there. If we now include the 
two edges connecting G and G,  through these four vertices and exclude the two 
original edges we will have an H-circuit C in !". Since there are (n - 1)2" ' /2  ways 
first edge we have that to choose the 
h(n) 
Using (8) this 
h (4,,) 
From (9) and 
~>(n - 1)2"'  T~, ,/2. 
becomes 
2"h"(n-  1) / (n-  1). (9) 
the fact h(4)-- 1344, Dixon and Goodman obtained (2). 
We now observe that there are n pairs of opposite (n - l)-faces in 1" The above 
construction can be carried out with respect to each of these pairs giving 
h(n)>~ n2"h : (n -  l ) / (n -  1) (10) 
where multiplicities are counted. It is claimed that each of the constructed circuits C 
is counted at most twice. To see this we note that the construction created only two 
edges of C between G and G, ,  i.e., G and G,  constitute one pair :~f opposite 
(n -  1)-faces giving rise to a transition digit that occurs exactly twice in the 
txansition sequence A : a, . . . . .  a,, of C. Any other digit that occurs exactly twice in 
A determines a pair of (n - l ) - faces  F and F .  and two edges e, and e_. that 
constitute the only edges of C between F and F , .  From the lemma, only by using 
the construction with respect o F and F ,  and with respect o the appropriate dge 
(in, say, F) could we possibly obtain circuit C i.e.. repeat the construction of C. 
(The appropriate dge in F, if it exists, is :he edge joining the end points of e, and e: 
that lie in F.) So C is repeated at most twice using the n pairs q~f opposite 
(n -  1)-faces. From (10) we therefore obtain 
h(n)>~(n/2)2"h:(n-  l ) / (n -  1). (11~ 
Since h(4)= 1344, 
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h (5) I5/212  (1344)2/4, 
h (6) >~ [(6/2)(5/2)212"I2' (1344):/41:/5,... 
which results in 
h(n)~g(n)L , (n )  
where 
g(5)= 5/2 and g(n) = (n/2) .g:(n - 1). 
This recursi,~n leads to eq. 7 whence eq. 4 is proved. 
3. Remarks 
U:15)= 10". This can be improved as follows: Let a~=(l ,0 ,0 ,0 ,1) ,  a.,= 
(!, !,0,0,0), a~ = (0,0, 1, 1,0), a ,=(O, l , l , l , l ) ,  M ={a,,a3} and N = 
{a,, a:, a~, a4}. M is a single error correcting plus double error detecting code in I'. 
Instead of selecting edge pairs for the vertices in E - M, we do so for the vertices in 
E -  N. Observe that d(a,, a.~)= d(a~, a,,)= 2, that the distance between all other 
pairs of vertices in N is 4, and note that (1,0,0,0,0) and (1, 1,0,0, I) are the 
neighbors shared by a~ and a.~ and that (0, 1, 1, 1,0) and (0,0, 1, 1, 1) are the 
neighbors hared by a, and a,. It is not difficult to verify that each selection of edge 
pairs for all vertices in E -  N determines at most four H-circuits in I s. Thus. 
h(5)<~ 4(10)"-' = 4 10 '2. 
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